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In this paper we study the category Cq of finite-dimensional representations of a quantum loop 
algebra U. Our aim is to study and to put into a common representation theoretic framework, two kinds 
of characters which have been associated to an object of Cq. One is the notion of ^-characters defined 



(~| . in j21| which is analogous in this context, to the usual notion of a character of a finite-dimensional 

representation of a simple Lie algebra. The other, is the notion of the elliptic character defined in [T7] 
which plays the role of the central character for representations of semi-simple Lie algebras. Both kinds 
of characters are needed in our situation, because the category Cq is not semi-simple and hence the 
problem of determining the blocks in this category becomes important. 

The papers J7] and |2J| use the universal 7?.-matrix in fundamental ways to study the elliptic 
character and the g-character respectively. In particular, jEI uses convergence properties of this matrix 
If^ , and hence, the main result of the paper describes the blocks in the case \q\ < 1. Our methods, which 

avoid the use of the 7^-matrix, allows us to determine the blocks for all q not a root of unity. One of 
^«0 , the conjectures of HJj, proved in [^U] (see also |52]) is that the character of simple objects of Cq has a 

^-r ' certain cone like form. We prove this result for the quantum affine algebras associated to a classical 

^-v , Lie algebra in a representation theoretic way rather than in a combinatorial fashion. We are actually 

able to prove a stronger version of their result, which allows us to give a formula for the g-characters 
of the fundamental representations in terms of the braid group action defined in |S] . 

^ ' We now describe the results of this paper. The algebra U has a large commutative subalgebra U(0) 

and the representations in Cq can be written as a sum of generalized eigenspaces for this subalgebra. 
The corresponding eigenvalues are known to be n-tuples of rational functions |21| . where n is the rank 
of the underlying finite-dimensional simple Lie algebra g. We define the ^-weight lattice Vq of U to 
be the multiplicative subgroup consisting of the invertible elements in the ring of n-tuples of rational 

j^ ' functions in an indeterminate u. It was proved in |5| that the braid group of g acts on Pq. Using this 

action, we define in Section 2 the notion of simple ^-roots and the ^-root lattice Qq. It turns out that 
Qq is preserved by the braid group action. We then give generators and relations for the quotient group 
Sq = Vq/Qq. Our constructions make sense when q = 1 and the quotient group Si is just the group of 
functions with finite support from C^ to P/Q, where P and Q are the usual weight and root lattices 
of g. In Section 7 we prove that the blocks of Cq are in bijective correspondence with elements of Sg. 
A somewhat unusual feature of this category, is that the tensor product of two blocks is contained in 
a single block. 

Let P^ be the monoid in Pq generated by n-tuples of polynomials. It was proved in jlU| that 
elements of P^ parametrize the isomorphism classes of the irreducible objects in Cq. Motivated by this, 
we call the elements of PJ" the dominant ^-weights. Given a; £ P'^ one can define in a natural way 
the notion of an ^-highest weight representation with ^-highest weight u). In jl5| a family of universal 
^-highest weight module in Cg, called the Weyl module W{<jl3) was constructed and it was conjectured 
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there and proved in the case of SI2 that W{lij) was isomorphic to a tensor product of fundamental 
modules, or in other words, that W{uj) was isomorphic to a standard module. Using some deep results 
of Nakajima we deduce this conjecture for a general simple Lie algebra in section 6. We then prove 
that the ^-weights of W{uj) and hence, those of any ^-highest weight representations lie in the "cone" 
u){Q^)~^ , here Q^ is the monoid generated by the simple £~TOots. This result plays an important role 
in Section 7, since it allows us to prove that the Weyl module has a well-defined elliptic character. 

In sections 4 and 5, we study the U(0)-decomposition into generalized eigenspaces of objects in Cq. 
We call these the ^-weight spaces and the corresponding eigenvalues the ^-weights of that representa- 
tion. We prove that the ^-weights of any object of Cq are in Vq and that the ^-weights determine the 
usual weights of objects in Cq via a homomorphism wt : "P^ — > P. To further describe the main result 
of Section 5, it is useful to compare it with the results of [201 and [21]. In those papers the authors 
developed the notion of a (^-character for objects in Cq. In the language of this paper, they are the 
following element of ZlVq], 

ch,(y)- J2 dim(y^)eM, 

where V-c^ is the generalized eigenspace of V corresponding to the eigenvalue zu, and Z[Pq] is the 
integral group ring over Vq with basis elements e('cc'). The elements Ai^c of .21_ . where i varies over 
the set of simple roots for g and c e C ^ turn out to correspond to the simple -^-roots. In [201 a result 
corresponding to the main result of Section 5 of this paper, namely, that the ^-weights of the irreducible 
representation V^(ti;) lie in the cone a;(Q+)^^ was proved using combinatorial methods. Our methods on 
the other hand are purely representation theoretic. This allows us state more precise results on the £ (or 
q')-character of the fundamental modules of the classical algebras. Thus, we prove that the ^-weights 
of fundamental representations have a certain invariance under the braid group action analogous to the 
invariance of the set of weights under the Weyl group for finite-dimensional representations of simple Lie 
algebras. Interestingly enough, this invariance appears to be a very special property which fails if the 
Lie algebra is of exceptional type. Although there are a number of papers where g-characters have been 
studied, [22], [2H|> there are few explicit formulas available even for the fundamental representations, 
although there are some conjectures in I2T and there is a description of the ^-characters in the An, Dn 
case in terms of tableaux in ,28; . As an application of our techniques, we write down the g-character 
of the fundamental representation corresponding to the adjoint representation when g is of type Z3„. 
The more general case is studied in [Jj. 

Acknowledgements: We thank E. Mukhin and J. Greenstein for useful discussions. 

1. Preliminaries 

In this section, we recall the definition of quantum affine algebras and several results on the structure 
of these algebras. 

1.1. Let be a complex finite-dimensional simple Lie algebra of rank n and let f) be a Cartan 
subalgebra of g. Set / = {1, 2, • • • ,n} and let {ai : i £ 1} (resp. {uji : i G /}) be the set of simple roots 
(resp. fundamental weights) of g with respect to f). Let also a^ denote the simple co-roots. As usual, 
Q, (resp. P) denotes the root (resp. weight) lattice of g and Q^, P+ the non-negative root and weight 
lattice respectively. Set F = P/Q- Let A — {aij)ij^i be the n x n Cartan matrix of g and let h G Z be 
the dual Coxeter number of g. Fix non-negative integers di such that the matrix (dia^) is symmetric. 
Assume that the nodes of the Dynkin diagram of g are numbered as in Table 1 below and let /, denote 
the subset of / consisting of the shaded nodes. 
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Table 1 



12 n-1 n 

• A„ : • — o • • • o — o • E, 



6 • 



1 2 n-1 n 

• B„ : o — o • • ■ 



• E' 



^ 1 2 n-1 n 

• C„ : • — o • • • 03^0 



7 • 



1 2 n-2 n-1 

• Dn, n odd : o-o • • • <^ • Eg, 

1 2 n-2 n-1 

Dn , n even : o — o • • • 9 — • • F4 

• G2 



• n 



r 




1 2 



1.2. Denote by W the Weyl group of g, then W is generated by simple reflections {si : i € I}. For 
w € W, let £{w) denote the length of a reduced expression for w. Let wq denote the longest clement 
of W, then wq defines a permutation of /, given by WQUi = —awgi- Given A = '^i^jK'^i G P^ , let 
/(A) = {i E I : Xi — 0} and let Vl^(A) be the subgroup of W generated by {si : i £ /(A)}. The following 
lemma is well-known |24| . 

Lemma. Let A = J2iei ■^i^i ^ ^^ ■ Then, 

(i) W{X) = {weW ■.w\ = \}. 
(a) Each left (right) coset of W{X) in W contains a unique element of minimal length. Denote by Wx 

the set of left coset representatives of minimal length. 
(Hi) Suppose that w G W\ and that w — Sjw' for some w' eW with £{w') ^ £(w) — 1. Then, w' G W\. 

D 

1.3. The next lemma is easily checked using the explicit formulas for the fundamental weights 
given in |23| . 

Lemma. Suppose that q is of type An, Bn, C„ or _D„. 

(i) If X E P^ is such that LUi — X E Q^ for some i E I , then either A = or X = loj for some j E I 

with j < i. 
(ii) Let i,j El and assume that i > j. Then, 

iVt - ujj - aj ^ Q+j LUt - ujj - 2aj+i ^ Q+. 

n 

1.4. Let q E C^ and assume that q is not a root of unity. For r,m E N, m > r, define complex 
numbers, 



^'"^^ " q-q-1 ' ["^]«' = [m]q[m - l]q . . . [2]q[l]q 



[m]ql 



[rW-[m~r]q\' 
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Set qi — q"^' and [m]i — [m]q.. The quantum loop algebra U of g is the algebra with generators x^^, 
{i ^ I, r £ Z), K^^ {i £ I), hi^r {i £ I, r £ Z\{0}) and the following defining relations: 

± ± _ ±aij ± ± _ ioij ± ± _ ± ± 

Qi - Qi 



E E(-i)^ 



7reE„ fe=0 



^i,r„(^ ■ ■ ■ ^i,r^^k)^],s^i,r^ij,^i) ■ ■ ■ ^i,r„(„, — Oj if l 7^ j, 



for all sequences of integers ri, . . . ,r„n where to = 1 — a^j, S„i is the symmetric group on to letters, 
and the "04 ^ ^'^^ determined by equating powers of u in the formal power series 



£ V'='±.«±'- = i^^^exp ±fe - gri) £ h,,^^ 



u^' 



r=0 



1.5. For i £ I, set 

-,±fc 



and define elements Pi^±k-, i € /, A; E Z, A: > 0, by the generating series, 

oc 

(1.1) Pt{u) ^ ^F,,±feu^- = exp(-/i±(«)). 

fc=0 

Let U^(0) be the subalgebra of U generated by the elements hi±k i£l,k£Z, k>0. It is easy to 
see that U (0) are commutative subalgebras of U and that monomials in the hi±ki i £ I, k £ Z form 
a basis of U^(0). Notice also that U^(0) is also the subalgebra generated by the elements Pi^±k, i £ I, 
k £ Z, k > 0. The subalgebra of U generated by x^q and K^^, i £ I is isomorphic to the quantized 
enveloping algebra U-''*" of g. For each i £ I, the subalgebra U' of U generated by the elements x 
K^ , hi^s, r G Z, 7^ s G Z is isomorphic to the quantum loop algebra of sl2- 



i,r^ 



1.6. It is well-known that U has the structure of a Hopf algebra, let A : U — > U ® U be the 
comultiplication. Although, explicit formulas for the comultiplication on the generators a^j j., /ii,r, are 
not known, the next proposition proved in [2 Proposition 5.3], ^B], PJ Proposition 5.4] gives partial 
information that suffices for our purposes. 

Define subspaces X^ of U, by 

^^= E cxt- 
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Proposition. Modulo UX^ ® UX+, we have 

A{h,^,) = /i,,^ ® 1 + 1 ® /i,,^ (seZ+,s>0), 

r 
m=0 

2. Braid group actions, the ^-weight lattice and the ^-root lattice 

In this section we introduce the notion of ^-integral weights and ^-roots. These are certain multi- 
phcative subgroups of the ring of algebra homomorphisms Hoin(U(0), C). 

2.1. Set 

^={/eC[M]:/(0) = l}, 

where C[[u]] is the ring of formal power series in an indeterminate u. Clearly ^ is a group under 
multiplication. Given f € A and r G Z+, we let fr denote the coefficient of u*" in /. Let 

\^Ar\C{u). 

Then A is a free subgroup of A with generators {1 — au : a G C^}. Given /+ e C[u] with /^(O) = 1, 
define /~ G C[u] by 

f-[u) = «'^°8/+/+(y-l)/(^dcg/+^+(^-l))|^^^^ 

Given w^ = f^/g^ G A set zu^ = f^ /g^- 

Define an injective group homomorphism t : A" -^ Hom(U(0), C) by extending, 

.M(i^±(«))-tn±, 

where -cc? = {tu^ , ■ ■ ■ ,taj^) G A" and the equality is one of power series. We call i(A") the ^-integral 
weight lattice of U and henceforth denote it by Pq . In what follows we shall identify Vq and A" and 
denote elements of Vq as n-tuples of elements from A. For z G / and a G C^, let uji^a G "Pq denote 
the element whose i*'* entry is 1 — au and all other entries 1 . We call these the ^-fundamental weights. 
It is obvious that Vq is generated freely as an abelian group by the elements u^i.a, i € I, a G C^. Let 
V^ denote the monoid generated by 1 and the elements <jJi,a, i £ I, a (^ C^, clearly V^ is isomorphic 
to the monoid in A" consisting of n-tuples of polynomials with constant term one and we call such 
elements ^-dominant weights. 

Definition. Let wt : Vq ^ P he the group homomorphism defined by extending, 

wt(u;i,Q) = Lu,. 

2.2. We now define an action of a braid group on Vq. Let B be the group generated by elements 
Ti (i G /) with defining relations: 

TiTj = TjTi, if fly == 0, 

-^i-^jJ-i — j i j ' ^ij^ji — J-i 

{TiTjf = [TjTif, if aija.ji = 2, 
^{Tjf = {TjT^)^, if QijUji = 3, 

where i,j G {1,2, • ■ • ,n}. The next proposition is a reformulation of 5, Proposition 3.1] and can be 
easily checked. 
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Proposition. The following formulas define an action of B on Vq: let vj = (vd\^ • ■ ■ jVUn) 6 Vq, then 
Ti{'cj) is defined by, 

iT,'Dj)j = Wj, if aji = 0, 

(Ti-^)j = TUj{u)wi{qiu), ifoji ^ -1, 

{Ti-m)j = TUj{u)TUi{q^u)'[u.i(qu), if a^i = -2, 

iTiZu)j == zuj{u)w,{q^u)w,{q^u)-cu,{qu), if Oj, = -3, 



(TiU7 



1 



n7,(g>)' 

n 



2.3. For i € /, set 

Clearly we have a.i^a G Vq and we let Qq be the subgroup of Pq generated by the a^.Q. We call a^.a the 
^-simple roots and Qq the ^-root lattice and let Q+ be the monoid generated by a.i^a, i £ I, a £ C^ , 
and Q~ = (Qg)^^ . Given / G C[u], say / = (1 — aiu) • • ■ (1 — Oru), ai, • ■ • , a,- G C^, set 

r 

Oil J = Y\_ "i.am' 
m— 1 

and 

Finally, given -cc? e A", set 

aj^-ccr = Q:i,(-CL7)i- 
It is now clear that Proposition 12 . 21 is equivalent to, 

(2.1) T,(t^) = ^(a,,^)-i, Vt^gA". 

In particular, we have 

Proposition. The action of the braid group on Vq preserves Qq. D 

2.4. We list the simple roots for the various classical Lie algebras below for the reader's convenience. 
If Q is of type An , then 

OL,^a{u) = U3T\^^gU3i^a<^i^aq^UJ-^^^^g, i £ I 

where we understand (jJ-i,a = i^^n+i.a = 1. 
If fl is of type i3„, then 

ai,a = {i^i-l,aq^y^^i,ai^i,aq4^'i+l,aq'^)~^i « ^ -^> i 7^ n- 1,71, 

0:-n-l,a — [i^n-2,aq2) ^n-l,ai^n-l,aq'^y^n,aqi^n,aq^) ) 

^n^a — \^n — l,aq} ^n^a^n^aq^ • 



If is of type C„, then 



OLi,a ^ {i^%-l,aq) ^ tJi,ai^i^aq'^{LJi+l,aq) \ i £ I , i y^ U, 
Oin,a — (^n~l,aql^n-laq3) ^n,a^n^aq'^- 
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If fl is of type Dn, then 

ai,a = {'^i-l,aq)^^i^i,ai^i,aq^{^i+l,aqy^, i^I, i ^ U - 2,71 ~ 1,11, 

OLn-2,a — \f^n-3,Mq) ^n-2,a^n-2,aq'^\}^n-l,aq^n,aq) , 

Q^n-l,a = (<^n-2,ag) '^n-l,a'^ n-l,aq'^ ^ 

Ol-n.a ~ {^n-2,aq) '^n,a<^n,aq^ ■ 

Remark. The elements a.ia are essentiahy the elements Aia defined in j21| . 

2.5. Let w (z W and assume that w = Si-^Si^ ' ' ' ^ik i^ a reduced expression for w. Set T„ = 
Ti-^ ■ ■ ■ Ti^, . It is well-known that T^, is independent of the choice of the reduced expression for w. Given 
1X7 G A" and w ^ W, we have 

Tyj-^ — TjjTjj • • -Ti^-cj — {{T^-!X!)i, ■ ■ ■ , {T^-uj)n) ■ 

Lemma. 

(i) For all w £ W , and vj ^Vq, we have 

wt{Tw-aj) = u'(wt(-ccT)). 

(a) Suppose that -uj^ ^Vq, r — 1,2 are such that wt{v^r) G P^ , t ~ 1,2. Then 

T„,j-!X7i = Tw2'^2 =^ wt(-!X7i) = Wt(-!X72). 

Further if we set A = wt(-!::ri) then 

w^^W2 e W{X). 

Proof. It suffices to check the result when T^ = Tj and z^ = uii,a for some i,j G / and a G C^. But 
this is now immediate from Proposition 12. 21 To prove (ii), notice that (i) implies that 

Since wt(-cu-r) G P^ , this implies that wt(-ccri) = wt(-CL72) and hence also that w^^W2 G W{\). D 

2.6. The following proposition can be deduced from the results of |3], using some representation 
theory. However, an elementary case by case proof is sketched below. 

Proposition. Let u) G P^ . Then, (Tt^^u))^^ G P^ . More precisely, we have 

Proof. Assume first that q is of type An, then wq has a reduced expression of the form 

Wo = Si-- ■ SnSl ■ ■ ■ Sn-1 ' • ' SlS2Sl- 

Proceed by induction on n, noting that induction obviously begins at n = 1. Since 

is the reduced expression for the longest element of An^i, we can assume by induction that 

T,„- (a;), = iuj)„^,iq"u)-\ 1 < J < n - 1, r,„- (u;)„ = (a;)i(g"-i7/)u;„. 

A simple computation now gives the result. The proof for the other Lie algebras is similar working 
with the reduced expressions for wq given in [SJ Section 6] . D 
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2.7. 
Lemma. Suppose that -uj, zu' G Vq are such that zu' ~ T^-uj for some w G W . Then 

vj{vj')-^ e Qg. 
Moreover if vj ^ Vg , then 

Proof. It suffices to prove the lemma when w — Si and zzr — uijaiov some i, j ^ I. If j = i, the result is 
immediate from the definition of ai^o(w). If j ^ i, then the result is immediate since Ti{u3j^a) = '^3,a- D 

2.8. 
Lemma. Given z^ E Vq there exists u: G V^ such that uj{zu)^^ G Q^ . 

Proof. It clearly suffices to prove the lemma in the case when -cj = u:~l for some « G /, a G C^. By 
ProDOsition l2 . 61 we see that Tt^g{uJi^a)~^ = <^m i aq^- The result is now immediate from Lemma IT7I D 

3. The group Pq/Qq 

In this section we give a set of generators and relations for the quotient group Vq/Qq in the case 
when Q is of type An, Bn, C„ or _D„. The case of the exceptional algebras is postponed to the appendix. 

3.1. 

Proposition. 

(i) Assume that g is of type An, Bn, Cn or Dm, where m is odd. The group Vq/Qq is isomorphic to 
the (additive) abelian group S^ with generators {xa : a G C^} and relations: 



^Xaq^ + ^-^'' =0, ifg = Ar, 



r=0 

Xa + Xaq^----^ =0, if Q ^ Bn, 

Xa + Xag2™ + 2 =0, if Q ^ Cn, 

Xa + Xaq^ + Xag2™-2 + Xaq2™ =0, if Q ^ D,n, 

for all a eC^ . 
(a) If Q is of type Dm with m even, then Vq/Qq is isomorphic to the (additive) abelian group with 
generators {Xa ■ a ^ C^} and relations: 

Xt + Xaq2^-2 =0, Xa + Xaq2 + xlq2^-2 + xlq2rr. = 0, 

for all a G C^. 
The proposition is proved in the rest of the section. 
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3.2. We begin with the foUowing Lemma whose proof is an obvious computation. 

Lemma. 

(i) Suppose that g is of type An or C„ (resp. _B„, Dn)- Then, for all i E I , (resp i ^ n, i ^ n — l,n) 
we have, 

u), i-icj. , -1 — ijJi „ \W T a. i-j-; 

Further, 

n 

and 
(ii) Assume that q is of type Bn- Then, 

i J— n — 2+1 r— / \r— 

Further, 

(n-lj-l \ /n-1 

II Mo; -2j+4r I II CK 2re+l+4r 

ii ii 3,aqj I 1 ii nMq„ 

j=l r=0 j \r=0 

(Hi) Assume that g is of type Dn- Then, for j/ == 1, 2, • • • , \(n — l)/2], 

(n-2 fe-(n-2j + l) 
II II Q;fe,ag"-2j-*+2'- I X 

fc=n-2j + l r=0 

I II Q!n-l,a(3-23+3+4r I I II Q:„,ag-23 + i+4'- 1 ■ 
\r=0 / \r=0 / 

Aho,forj^\X---,\(n-2)l2\, 

(n-2 k-(n-lj) \ /j-1 \ 

II II afe,a9"-23-i-»=+2r ( ||"ri-l,ag-2J+2+4rQ:„ Qg-2j+4r I . 

fe=n-2j r=0 y \r=0 / 

Similar formulas hold interchanging n and n — 1 on the left hand side. In addition, if n is odd, we 
have 

/ri-2fc-l \ /t^ 

^nMq'^^nM'^n,aq-^"+-i = ^n-l,a I || || "fe,ag3-"-fc+2r 1 || Q;„_i_£,g6-2,.+4r | X 

\fc=l r=0 ) \ r=0 



Oin,a II an,ag4-2r.+4r 
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(n-2fc-l \ /t^ 

/n— 2fc— 1 \ /n— 3 



11 11 "fe,a9"-''-i + 2'-'^fe,ag"+'=-i-2'- 1 J_J_Cln-l, 



aq 



2+2r I X 



\fe=l r=0 / \r=Q 

( n "".'^9''- J ■ 

// n is even we have 

/n-2k-l \ /^ \ /t^ 

'^n,ag"-i'*^n,ag-("-i) = I H 1 1 "fe.ag-fe+S'- 1 I | _[ an-l,ag3-"+-i'- I 1 1 an,a,ji-"+4'- 
\fe=l r=0 / \r=0 J yr=0 

and 

Cn-2k-l \ /n-2 

11 11 '^fe.ag'— ''-i+2'-Q:j_agr.+fc-i-2r J I II Q;„_i_ 
fe=l r=0 / \r-0 / 

3.3. We can now prove Proposition 13. II 

Proof. Assume first that g is of type An- We claim that the assignment Xa -^ ^i,a defines a homomor- 
phism r : Eg -^ Pq/Qq- For this, it is enough to check that for all a e C^ , 



/'n-l 



(3.1) Y[^i,aq-+^--^ e Q-'g 

r=0 

By using Lemma l3.2f i^ repeatedly we see that 

'^",g = I n '^i:?"-"" ) (^)"^ 
for some m G Q^ . Hence to prove H3.1|l it suffices to observe from Lemma |^2Ii) that 

n 

To see that this is an isomorphism of groups, consider first the homomorphism Vq — > 5g given by 

mapping 

j-i 

r=0 

We claim that Qq is in the kernel of this map. For this it is enough to prove that oti^a is in the kernel. 
We prove this by induction on i. If i = 1, then the result follows since ^2,09 = '^i,aq'^^i,aOii]^- The 
inductive step is now easily completed using Lemma I3.2f il again. Thus we have a homomorphism 
'Pq/Qq -^ 2g which is clearly an inverse of r and we are done. 

Assume next that g is of type _B„. Define a group homomorphism Vq —> S^ by extending 

^i,a 1-^ Xag2r.-2,-l + Xa,q-2" + 2i+i , i < U, Ui.a,a ^ Xa- 

Using Lemma l3.2f iil we see by an induction starting at n that otj^a is the kernel of this map and hence 
we get a homomorphism from Vq/ Qq — > S^. To see that this map is an isomorphism it suffices to show 



>t,a ^ ^Xaq^-~'+^ 
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as in the case of An that the assignment Xa ^-^ i^n,a defines a homomorphism Sg -^ Pq/Qq- For this, 
it is enough to show that 

'*^n,a'^„,ag*"-2 G Qq, 

which is just the second statement in Lemma l3.2f ii'). 

If is of type C„, then we show by using Lenima|^2Ii) that the map Xa '—^ ^i,a gives an isomorphism 
between Eq and Vq/Qq. We omit the details. D 

Remark, li q = 1, note that Si is isomorphic to the group of functions from C^ ^ F with finite 
support (cf ,6,). 

4. The ^-weights of finite-dimensional representations 
4.1. Given a U-module V and fi — J2ifJ-i^i ^ -Pi set 

V^ = {veV: K,.v = qt'v, Vie/}. 
We say that F is a module of type 1 if 

Analogous definitions hold for representations of U-''™. Recall from [2S| that for every A € P"*", there 
exists a unique (up to isomorphism) irreducible finite-dimensional representation of U-*™ which we 
denote by V(\). Let Cq be the abelian category consisting of type 1 finite-dimensional representations 
of U. We set 

wtiV) = {/i e P : y^ ^ 0}, 

and given z; S V^ we set wt(w) — fi. 

4.2. 

Definition. Let y be a U-module. We say that zu e A" is an ^-weight of V if there exists a non-zero 
element v ^ V such that 

{P,,r - {^^)r)^V = 0, N = Nil, T, v) G Z+, 

for alH G / and r G Z+ and we call v an i'-weight vector in V with ^-weight -oj. Denote the subspace 
consisting of all £- weight vectors with £- weight -oj by V-^j ■ 

Remark. We shall see later in the section, (see ProDOsition l4.10|l . that the generalized eigenspaces for 
the action of the Pi^-r, i G I, r € Z-|_ are actually determined uniquely by those of the Pi^r, f S Z-|_. 

4.3. The following lemma is trivially established. 
Lemma. Let V £ Cq. We have 



D 

Denote by wti{V) the set of -^-weights of V and define wti{v) in the obvious way. It is obvious from 
the definition of ^-weights that any morphism between objects of Cq preserves ^-weight spaces. 
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4.4. We now study the behavior of ^-weights under tensor products. This is essentially the same 
proof given in |21j . we include it here for completeness. 

Lemma. Let Vr G Cq, r = 1, 2 and let Vj_r, 1 < i < dim{Vr) be a basis ofVr, r = 1, 2 such that wt{v j^r) 
and wte{vj^r) ore defined and assume that if j < j' then wt{vj^r) ~ wt(wj'_r) G Q^ ■ Then the i-weight 
vectors of Vi V2 are of the form 

Wj,i ® Wj',2 + {terms in © {Vi),^^ ^ (^2)1^2) 7 

where the direct sum is over v^ S wt(V^r)7 r — 1^2 and V2 ~ wt(u2) G Q^ ■ The corresponding i-weight 
is wti{vj^i)wti{vj' ,2) ■ In particular, 

wti(Vi V2) = wti(yi)wti{V2). 

Proof. It is easy to see from Proposition II . 61 that the matrices of the action of Pi^s, i & I, s G Z+ on 
Vi V2 with respect to the basis Wj.i Vj'.2 are simultaneously upper triangular with diagonal entries 
given by vite{vj,i)wti{vji ^2)- The result is now immediate. D 

4.5. We need several results on irreducible representations of U. We begin with the definition of 
an ^-highest weight module. 

Definition. We say that a U-module V G Cq is ^-highest weight with ^-highest weight -cct G Pq if 
there exists a non-zero vector j^ v G V such that V = Uf and, 

(4.1) <.« = 0, P^^{u)v^{zu)fv, if±^ = 9±-*^("')i;, (x-J-*^("')+it. = 0, 

for alH G /, r G Z. The element v is called the ^-highest weight vector. 

The following lemma is standard. 

Lemma. Any i-highest weight module has a unique irreducible quotient which is also a highest weight 
module with the same highest weight. 

4.6. The following was proved in 0)513 ■ 

Theorem. 

(i) Any irreducible module in Cq is ^-highest weight. 

(ii) There exists a bijective correspondence between elements of V^ and isomorphism classes of irre- 
ducible modules in Cq. D 

Corollary. Let V G Cq be a highest weight module with highest weight vj . Then -ui G Pt ■ ^ 

4.7. Given lj G P^, let V{u)) G Cq be an element in the corresponding isomorphism class, and let 
Vuj be the ^-highest weight vector. We note the following simple consequence of Theorem 14.61 

Lemma. Let u) G Pq . 

(i) We have V{u3)^t^ — Cvuj. 

(ii) If V G V{u)) is such that xff.v = for all i G I, k G Z, then, v = cvuj for some c G C. 
(Hi) Let V G Cq, -uj = {v3\, • • • , n7„) G Cq and assume that v G Vvj , v ^ ^, is such that x^f^v = for 
some i G I and all k G Z. Then, zui G C[u]. 

n 
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4.8. We now consider the case when g = sh- Given to > 0, let uja{m) G P^ be the polynomial 
iJaim) = (1 - ag™-iu)(l - aq'^'-^u) • • • (1 - aq-'^'+^u), 
and set u)a{0) ~ 1. The following result was proved in |14| . 

Theorem. Suppose that V ^ Cq is an ^-highest weight module with highest weight u) = nr=i(l ~ aru) 
where a^ G C^ is such that ar/ar' ^ q^ if r' < r. Then y is a quotient of V{u)ai (1)) ®---® V{uiak (I))- 
D 

4.9. 
Proposition. 

(i) There exists an isomorphism of U^*" -modules 

V{ijJa{m)) = V{muji). 
(ii) The eigenvalues of Pi [u) on V{u)a{m)) are 'c^a,r{'m)^ , < r < m, where 

T^a.rim)"^ = LJaq—im - r)^ (u;aq,„-,.+2 (r)^ )"\ 

In particular 'CJa,m — ■^^092(771)^^. 
(Hi) Any irreducible \5-module is isomorphic to a tensor product V{ijJai{'mi))'^- ■ ■(E)V{ijJa^{mr)) where 

ak/as 7^ g±(™'=+™-2p)^ < p ^ min{m,,mj, 
for some ai , • • • , a^ G C ^ and mi , • • • , mr G Z+ . 

Proof. Parts (i) and (iii) were proved in 9 . Part (ii) was proved in a slightly different form in j21| . We 
include a proof here for the reader's convenience. 

We proceed by induction on m. If m = 1, let tiOiWi be the basis for y(a;a(l)), where vq is the 
^-highest weight vector. It is now a simple computation to check, using the formulas in 31 to check 
that the eigenvalues of Pi{u) on vi are ■Ct7£jq2(l)^^ = (1 — aq'^u)^^. Assume now that we know the 
result for all s < m. By |2|, we know that there exists a short exact sequence, 

^ y(a;,,(m - 2)) -> ^^(m - 1)) ^ ^K,-™ (1)) -^ V^K^-i (m)) ^ 0. 

Let vq,vi be a basis for V{uJaq^{^)) and wq, ■ ■ ■ ,Wm-i a basis for V{ijJa{m ~ 1)). Then, the elements 
Wj ®vq,Q < i <m—l and the element Wm-i '^ vi all must have non-zero projection onto V{ijJaq{'rn)). 
For otherwise, applying Xq repeatedly we find that Wq (^ Vq S V{uJaq-^{^TT- ^ 2)) which is impossible. 
On the other hand, using the formulas in Proposition ll.Gl we see that 

P{u){Wj ® Vo) = {^i,,n-l^'iq-^,l)iw3 ® ^o) = i^'aq-i^Ji^j ® ^o), < j < j - 1 

and 

P{u){Wm-l <S) Vl) = {Wm-1 <E) Vl) = (tJ7™ _i _„) (w,„_i (g) Vq) ■ 

The result follows. D 

4.10. We now assume that q is an arbitrary simple Lie algebra. 

Proposition. Let V G Cq. 

(i) Suppose that 7^ u G V-^j is such that x^f.v = for some i G I and all fc G Z. Then (•cct)^ G C[u]. 
(ii) For all zu G wt^ (F), we have vj £Pq and V-^ C V^t-ccr- In particular, 

wt{V) = {wt(-CL7) : -cj G wii{V)}. 

(iii) The eigenvalues of the elements Pi^-r, i (z I , r E Z, on V-cj are given by vj^ G Pq. 
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Proof. It clearly suffices to prove the proposition when g = sh. Since V is finite-dimensional it has 
a Jordan-Holder series and hence we may assume without loss of generality that V is irreducible, say 

V = V{uj) for some oj G P+. The proof of (i) is now immediate since Corollary I4.6r i) implies that 

V = cvuj for some c G C^. To prove the other parts notice that by Proposition 14. 9r ii) and Lemm£^31 
it suffices to consider the case of the representations ^(^^(r)), r E Z^, a G C^ . But this is exactly 
part (iii) of Proposition l4.9l D 

4.11. Let ZlVq] be the integral group ring over Vq and let e{-cu), vj EVqhe a, basis of the group 
ring . 

Definition. Given V eCq, let ch^iV) G Z[Vq] be defined by 

chiiV) = Y^ dim(V,^) e(T^). 

In 12 1| it was proved that the g-character of V , which was defined using the i?-matrix, is just chiiV). 
It is quite clear, as observed in |21| . that chp is additive and by Lemma l4. 41 multiplicative. 

5. Braid group invariance of ^-weights of fundamental representations 

Throughout this section we assume that q is of classical type. The representations V{u>i^a) , i & I, 
a G C^ are called the fundamental ^-highest weight representations. The main result of this section is 
the following theorem. Recall from Section 1, the subsets W\ C W defined for elements A G P^. 

5.1. 

Theorem. Let i G I, a (^ C^ and assume that 1X7 G wte{V{uJi,a)) is such that wt(-ccr) = A G P^. 
(i) Let w' = SjW G W\ for some j E I with i{sjw) — £{w) + 1. Then, {TwVj)j G C[u]. In particular, 

-C^eWi^aQg" =^ Tw'-CO E(JJi^aQ'q■ 



{\\) For all w G W\ we have 



and 



d:iu\{V{ijJi^a)-cj) = Ami{V{u)i^a)T„ 



(iii) Suppose that -uj ^ oji^a- There exists -cj' = (nj'j^, • ■ • ,137^) G wt^{V{ijJi^a)) and j £ I with tu' — 
(1 — cm)(1 — c'u), and 

(5.1) ^^x^'{a,,,y\ 

If c' ^ cq^^ then -ccr' {otjy)^^ G wtiV{u)i^a) and if c = c' then dhTi{V {u)i^a))-c^ > 2. 

5.2. 
Corollary. We have wti{V{uJi^a)) C c^i^aQq ■ 

Proof. By part (i) of the theorem, it suffices to prove the corollary for -cc? G wti{V{u)i^a)) with wt(-ccr) = 
A G P^ . We proceed by induction on ht(a;i — A), with induction obviously beginning when uji = A. 
Let z^' be as in part (iii) of the theorem, so that wt(-cc?') = A + aj. Choose w £ W and /i G P~^ with 
w/i ^ X + Oj. Then /i > A and by part (ii) , we have 

for some zu" G wti{V{u}i_a)) with wt('CL7") = ^. By the induction hypothesis txt" g i^i.aQ^ and hence 
by part (i) again zu' G uJi^a Qq ■ The corollary is proved. D 
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Remark. The corollary was proved [201 by combinatorial methods for all simple Lie algebras. On the 
other hand, Theorem 15.11 is not true for the exceptional algebras since there is no suitable analog of 
Lemma 1.3 available for those algebras. In particular, it follows that Theorem 15.11 is stronger than 
the Corollary. The theorem is also obviously false for an arbitrary irreducible representation since the 
evaluation representations of U(s^2) of Section 4 are counterexamples. 



5.3. 






Corollary. We have 




/ 


chi{V{uJi^a)) = 


> ; dim(y^) 


1 ^ — ' 




'UJe'Pq,wt'cu^fieP+ 


\wew^ 



We remark here that the preceding results are analogous to the following well-known result for 
finite-dimensional representations V of simple Lie algebras: for all /x £ P with V^ 7^ 0, and w £ W, we 
have 

dim(y^,) = dim(K,^). 

5.4. Before proving Theorem 15 . II we note some consequences of it in computing g-characters (or 
^-characters) of the fundamental representations, see also 28 . Thus, suppose that i G / is such that the 
U/«"-j-epresentation V{u!i) is miniscule. In that case there exist no weights /i G P+ such that fi < uii 
and it is known that V{u)i^a) — V{uji) as U-''™-modules. Hence, the g-character of the fundamental 
representation is of the form, 



5.5. Suppose next that g is of type -D„, and that V — T^(ci;2.a)- Let U7j be defined by 

■^j = [i^j-l^aqi + ^y ^j-l,aq^"-3-3i^j,aq3{^j,aq-^"-J--^y , for 1 < j < n - 2, 

= '^j,aq"-3('^j,Qg"+i)~\ for j = n- l,n. 



We claim that 

(5.2) CMV) - Yl <T^^2m) + Y. ^(^j) + M^n-2). 

w£W^2 j^n-2 

To prove the claim, set 

'^J = *i-l ■ ■ ■ SlSj+l • • ■ S„-2S„S„_iS„_2 • • ■ Si, 

and observe that Wj £ W^^^ with Wjuj2 ~ ctj- A straightforward calculation shows that, 

TwjUJ2,a = {i^j-l,aq3 + ^y ^j,aqi i^ j.aq^"-^-i i^j+l,aq^"-3-iy , if j < " - 3, 

= ('*^n-3,a<j"-i)^ i^n-2,aq"--^) {^n-lMq"-i-^nMq"-i-)^ , if J = " - 2, 
= {^n-2,aq"y^i^j,aq"-^i^j,aq"-3, H j = U - 1,71. 

It follows from Theorem 15.11 that 

wt^V^) = {T^u}2,a : w e W;^J U {t^j : 1 < j < n}, 

and that 

dim(l^^J > 1, j^n-2, dim(T4jr„_J > 1. 

On the other hand, we know from TU' that V = V{llJ2) ® C as U-''*"-modules. In particular, dim(Vb) = 
n -|- 1. Hence it follows that 

dim(y^J^l, j^n-2, dim(F^^„_ J = 2 
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and our claim is proved. 

5.6. We shall need the following result which holds for all simple Lie algebras g. 

Proposition. Let V G Cq, "uj = (cci, • • • , n7„) e Vq and suppose that there exists v G V-cj , v ^ Q, and 
j G I such that 

x+^v = 0, V s £ Z. 

(i) Then, tUj G C[u] is of degree wt{zu){aj) and 

(a) Writewj as a product of polynomials Ylr=i'^ar{^T^r) as in Proposition \4-. Uj T/ien 1x7(0:^^^^™^-!)"^ G 
wt^(y) for all 1 < r < k. Furthermore, for all s G Z, we have 



k rrtr^l 

\ 

■UDOi 



-1 



r=l 1=0 

and 

diml<j_j.Q,-i > f/={l < s < k : Or ~ Os}. 

Analogous statements hold if xj^v — for all s (£7i. 

Proof. By Lemma [4. 71 and Proposition 14. lUI we see that tuj G C[u] and wt{-c^)(dj) = degccjj. Further, 
(•^7o)™*^^^^^"^''" 7^ 0. Suppose first that v is actually an eigenvector with eigenvalue vj. It follows 
from Lemma [4.7f iii') and Proposition I4.9r iii'l . that (a;^Q)'"*'^''^'*^"j'w is an eigenvector for P^{u) with 
eigenvalue {wj{q^u))~^. To compute the eigenvalues corresponding to P^{u) it suffices in view of (II. If) 
to compute the eigenvalues for hi^r for alH G / and r G Z, r 7^ 0. To simplify our notation, we set for 
alU G J, r G Z, r > 0, 

q^ 

hi.r ^ ~-r^r—hir, fc = wt(ro)(d,). 

VW 

Using the relations in U, we see that 

which gives. 

Writing ln(n7i) = X]r>i "^i-rU^ ^ for some vji^r G C, we find from (|1.1|) that, 

hi^rV = VOi^rV, i d I , T G Z, T > 0. 

On the other hand, we have already observed that 
Since Wj is a polynomial of degree k, write 



^iH =n(^"^*'") 
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for some 5i , • • • ,bk G C ^ . This means that 

fc 

t=i 
It is now a simple checking to see that 



for aU i e / and r £ Z, r > 0. Using 1)1. l|l again we see that, 

For the second statement, observe first that, by Theorem 14.81 and Proposition 14.91 xj^v is a sum of 
eigenvectors for P^{u) with eigenvalues (1 — arq™'^^^^^'+^M)^^(l — arq™'''^^^'^^u)^^vjj where Wj — 

J^j,^-^ ijJar{mr) and / = 0, 1, • ■ • , rrir — 1. But now, a calculation identical to the preceding one gives the 
result. The statement on the dimensions follows from Lemma [4.41 Theorem 14 . 81 and Proposition 14.91 

It remains to consider the case when z; is a generalized eigenvector for the action of the Pi [u) . Clearly, 
we can choose a Jordan basis wi, • • • , Vm of U(0)u C Vzu simultaneously for the action of the /li^fc, i.e., 

hi^rVt e ®t'<tCvt' +mi^rVt 

for all 1 < i < TO. We proceed by induction on t, the case i = 1 is dealt with above. Let Vt be the 
U-'-module generated by vt- Then Vt C Vj+i and the image of Vt+i in the quotient Vt+i/Vt is an 
^-highest weight vector for U^. In particular, it follows that 

hj,r{xjs)''vt e (Bt'<tC{xjj''vt' +mj^r{xjJ^Vt 

where 'Sjj^r = i^T^{'^ji<l'j'u)))r- Using the inductive hypothesis and (|5.3() we get 

V ^^^Jj' t=i J 

It follows that {x'^Q)^vt e Vtj-uj- The second statement is proved similarly. D 

5.7. We now prove Theorem 15 .11 

Proof. Notice that by Lemma Fl. 31 we can assume that either A = or A = cj^ for some r E I . Assume 
first that \ = ujr and let w' — SjW where £{w') — £{w) + 1. It follows that w^^aj G Q+ and hence 
{wLUr, Oij) = {ojr, {w)^^aj) > 0. In particular, this means that {w)~^aj — a^ G Q^ and hence by Lemma 
II .31 we see that 

This in turn implies that 

UJr + {wy^aj ^ wt{V{uJi^a)), 

or equivalently that wcor + aj ^ wt(U(a;i_a)). Thus, 

(5.4) 4,l^Ka)T„a; = 0, V s G Z. 

A similar argument proves that 

XjQV{uJi^a)T^,UJ = 0. 

The first statement in part (i) is immediate from Lemma 14.71 while the second follows from equation 
(|2.1|) and the fact that T^^i = TjT^. To prove (ii), note that Proposition 15.61 implies that the map 
(x~o)^™"'''"^^ : V{u:i^a)T^u; -^ V{u:i^a)T^,u} is an isomorphism of vector spaces. Since, dimV{u:i^a)x — 
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dimV{uJi^a)w\ th second statement in (ii) follows as well. If A = there is nothing to prove in (i) and 
(ii) since W\ — {e}. 

To prove (iii), choose a non-zero element v 6 V{iVi,a)-cu, j S I, and ,s G Z such that v = xj^v'. 
Then v' E V{u)i^a)\+a- 7^ and by Lemma [1.31 we see that 

Since (A + aj){aj) = 2, it follows from Lemma 14.71 that zuj is a polynomial of degree two for all 
■ccr' = {zui, ■ ■ ■ ,vun) G v/ti{V{ui^a)) with wt(-cc?') = A + aj. Furthermore, since 

it follows from Proposition 15.61 that 

for some -ccr' G Pq with wtz^' = \ + aj and c € C^ satisfying va'Jc~^) — 0. 

To prove the final statement in (iii), let v" G ^('i'i,a)-CLT', where wt-ccr' = A + a^ and n?' = (1 — 

cu){l — c'u). Since x^^v" = it follows from Proposition 14.91 and Proposition 15.61 that if c 7^ c'q^, 

V{u:i^a)z^'{a- c)-i 7^ ^^d V{u:i^a)TU'{a- /)-i ¥" 0- The other statement is proved similarly. D 

6. On the tensor product structure of Weyl modules 

6.1. In this section we establish the conjecture in JJ on the structure of finite-dimensional Weyl 
modules using some deep results of Nakajima. This allows us to prove the following generalization of 
Corollary O and gOl Theorem 4.1]. 

Theorem. Let V E Cq he an ^-highest weight representation with highest weight a; G PJ". We have 

6.2. We begin by recalling the definition and some results on Weyl modules. Thus, let W{uj) be 
the U-module generated by an element Vuj satisfying the relations: 

(6.1) x+^vu:=0, Ptiu)vu^Hfvuj, Kf^v^ = q^^'^^^^^^^^j. (x-,)**('^)("')+i«a; = 0, 

The following result was proved in jl5|. 

Proposition. 

(i) For all uj G V^ , we have W{u}) G Cq. 
(ii) Any (.-highest weight representation in Cq is a quotient of W{u}) for some oj G Vq . 



n 



6.3. We shall also need, the following result proved in (T|.[5].[^. 



Theorem. Let fe G Z, A: > 1 and let ii, • • • ,ifc G /, ai, ■ • ■ , a/c G C^. The U-module V{uJi^,ai) ® ■ ■ ■ ® 
V{ijJi^^ak) is cyclic on the tensor product of the ^-highest weight vectors if for all 1 < s' < s < fc we 
have Os ^ Os'?^ for any r G Z, r > 0. D 

The following corollary is now immediate. 

Corollary. There exist ii,-- ■ ,ik G /, ai, ■ ■■ ,ak G C^ such that V{ijJi-^^ai) S) • • • ® Vi'^ik,ak) '■s '^ 
quotient ofW^Lj) where, 

^j = n (1 ~ "fc")- 

k:ik=j 
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In particular, 

dimW^(u;)> J]dim(l/(c^,,,,J). 
k 

n 

6.4. As a result, to prove Theorem 16. II it now suffices to prove that the ^-weights of W{ij) he in 
wQ~. This is immediate from Lemma [4.41 20, Theorem 4.1] and the foUowing Theorem. 

Theorem. The module W{ijj) is isomorphic to a tensor product of fundamental representations. In 
particular if ii, ■ • ■ ,ik G /, ai, ■ • ■ , a^ G C^ are such that V = V{u)i^^ai) ® ■ ■ ■ ® V{<jL3if^^ak) is cychc on 
the tensor product of highest weight vectors, then V = W{u}) where a; defined as in Corollarv lfi.31 

Remark. This theorem was conjectured in T4 where it was proved when Q — sl2- In the general case, 
the proof we give is deduced easily from some deep results of Nakajima [27 | in the simply-laced case 
and of Beck and Nakajima in 4 in the general case. 

Proof. Given A e P+, let W{\) be the U-module generated by an element v\ satisfying, 

(6.2) <.^'A = 0, Kf^x^q^^'vx, {xl^f^+\x = ^)- 

It is not hard to see that W{X) can also be regarded as a U(0)-module by right multiplication. Further, 
it was shown in 14 that 

Pi,±rWA = 0, ?£/, |r|>Ai, Pi^XiPi-\,v\=vx. 

The quotient of U(0) by the ideal /(A) generated by the elements, Pi^r, i ^ I, \r\ > \i and Pi^\.Pi,^x. —1 
can be identified with the ring E of symmetric functions in the variables ii^^, * G ^, 1 < ?" < Ai and t^ ^ 
J5,[2Zj. It was proved in |27l Proposition 14.1.2] for the simply-laced case, and in ^ Section 4] for 
the general case, that U(0)tiA is free as a module for E of rank 

5A, 



ndim\^(a;,,i)« 



Given a; G V^ , with wta; = A, let mo; be the maximal ideal in U(0) generated by the elements 
Pi,±r — [{'^'^)i)r- The module W{ljj) is clearly a quotient of W[X), and in fact as vector spaces, we 
have 

W{u3) = T^(A)/m^, 
and hence 

diTn(W{u})) = ]Jdiml/(a;,,i)®^\ 

The result now follows from Gorollarv l6.3l The second statement is immediate. D 

7. Block Decomposition of Cq 

It is by now well-known that the category Cq is not semisimple. In this section we use the results of 
the previous section to describe the blocks in Cq. To do this, we redefine the notion of elliptic characters 
introduced in ^7] as elements of S,. This allows us to state and prove the main result of ^7] for generic 

7.1. We begin by recalling the definition of the blocks of an abelian category. 

Recall that that two objects Vr & Cq, r = 1,2 are linked if there does not exist a splitting of Cq into 
a direct sum of abelian categories Cr, such that Vr G Cr for r = 1, 2. It is not hard to see that linking 
defines an equivalence relation on Cq and a block is an equivalence class of this relation. 
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7.2. We now define the notion of an elliptic character of a representation. 

Definition. The elliptic character of an irreducible representation V{uj) of Uq is the element xu) — 
oJ G Pq/Qq — Sq. A finite dimensional representation V^ of U is said to have elliptic character x £ Sg if 
every irreducible constituent of V has elliptic character x. Let C^ be the subcategory of Cq consisting 
of representations with elliptic character x- 

Remark. Recall in section IXTI that we use additive notation when working with Sg, rather than the 
multiplicative notation induced from Vq. 

Theorem. 

(i) Every indecomposable object in Cq has a well defined elliptic character, 
(ii) Any two simple objects in C^ are linked. 
(iii) The categories C^ are the blocks of Cq. 

We prove the theorem in the rest of the section. 

7.3. The following proposition plays an important role in the proof of Theorem l7.2l 

Proposition. 

(i) For all u e V^ , we have W{u:) e C^^^ . 
(ii) C^^ ® C^2 '^ C^i+X2- 

Proof. To prove (i), note that if V{u}') is a constituent of W{ijj), then by Theorem 16. II we must have 

It follows that Xijj — Xu>' ■ The proof of the second part is similar. It is enough to prove that if V{lo.^) e 
C^^, r = 1,2, then V = V{uJi) V^('i'2) G Cxi+X2- Suppose that V{u)) is an irreducible constituent of 
V. In particular u) e wti{V) C wtf(Fi)wtf(V2). By Theorem 15.21 we know that wtf(K-) C u)rQq for 
r = 1,2. Hence u) G u) iu)2 Qq ■ Together with Proposition l3.1l it immediately implies that 



Xiv =^ = ^1^2 = XuJi + Xu}2 ■ 

n 

7.4. We can now prove Theorem [^fi) by methods similar to those used in |H] for affine algebras. 
Namely, one proves the following: 

Lemma. 

(i) Let U eC^. Let Wq G V+ he such that x ^ XWo- ™en Ext^^(;7, ^(wo)) = 0. 
(ii) Assume that Vj G C^ , j — 1,2 and that xi 7^ X2- Then Ext^ (^1,^2) = 0. 

Proof. Since Fixt^ is an additive functor, to prove (i) it suffices to consider the case when U is inde- 
composable. Consider an extension, 

O^T^(wo) -^V ^U ^0 

We prove by induction on the length of U that the extension is trivial. Suppose first that U — V{lo) 
for some a; G V^. Then Vcj ^ and one of the following must hold, 

(i) wta; < wtwo, or 
(n) wtwo - wtu; ^ (5+\{0}. 
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We can always assume (by taking duals if necessary) that we are in case (ii). Since wt{V{uJo)) C 
wtwo — Q^, it follows that 

a;+fcKvta; =0, y iel,keZ. 

Thus there exists an element ^ w G Vuj which is a common eigenvector for the action of Pi (u) with 
eigenvalue u; and hence XJv is a quotient oiW{u>). In particular XJv e C^^^. Notice that either 

V{uja) C Vv or Uw n F(wo) = 0. 

If Xw 7^ Xti^o then the second possibility must hold and so 

V^V{uJo)®Uv. 

This shows that induction begins. 

Now assume that U is indecomposable with length £ > 1 and that wc know the result for all modules 
with length strictly smaller than i. Let Ui be a proper non-trivial submodulc of U and consider the 
short exact sequence, 

Since Ext^ {Uj,V{u)o)) = for j = 1,2 by the induction hypothesis, the result follows by using the 
exact sequence Ext^ {U2,V{u:o)) -^ Ext^ {U,V{u:o)) -^ ExtJ {Ui,V{ua))- Part (ii) is now immediate 
by using a similar induction on the length of V2 . □ 

7.5. The proof of Theorem l7.2f i') is completed as follows. Let V be an indecomposable U-module. 
We prove that there exists x G S^ such that V ^ C^ hy an induction on the length of V. Ii V = V{u}) 
is irreducible it follows from the definition of C^^^. If V is reducible, let V{ujq) be an irreducible 
subrepresentation of V and let U be the corresponding quotient. In other words, we have an extension 

Write U — (B'j^iUj where each Uj is indecomposable. By the inductive hypothesis, there exist Xj G ^g 
such that Uj € C^^-, 1 < j < J'. Suppose that there exists jo such that Xjo 7^ XWq- Lemma l7 . 41 implies 
that 

Extl{U,V{u:o)) = ©;=iExtijUj,V(u;o)) = ©j^j^Ext^jUj, V(u;o)). 

In other words, the exact sequence -^ V^('.i^o) -^ V ^ U ^ is equivalent to one of the form 

^ F(u;o) -^V® f/,0 -^ ®j^j„U, ® U,„ ^ 
where 

is an element oi (Bj-^jgExtj^ (Uj, V(a;o)). But this contradicts the fact that V is indecomposable. Hence 
Xj = Xwn for all 1 < j < r and V e C^^^^^ . □ 

7.6. We now prove Theorem 17. 2f ii). The idea is similar to the one used in jJTj, although, again, 
with the theory of ^-lattices the proof is simpler, uniform and works for generic q. The proof we give 
depends on Proposition 13 . II which has only been stated so far for the classical Lie algebras. The proof 
of part (ii) of Theorem 17. 21 for the exceptional Lie algebras is postponed to the appendix after we state 
the analog of Proposition 13 . II for these algebras. 

We first consider the cases g = An, Bn, C„, D„, where, in the case of £>„, we assume that n is odd. 
Thus let i, be the unique element in /,. From now on we denote by V{a) the irreducible fundamental 
representation V{u}i^^a)- 

We shall need the following result. 
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Proposition. 

(i) Let ai, ■ ■ ■ , a^ G C^ and let a he any permutation o/ {1, • ■ • , A:}. Then, the modules V{ai) (i) ■ ■ ■ ® 

V{ak) and V{a„(i)) ® ■ ■ ■ ® V{aa(k)) o.re linked, 
(ii) Given u) G "P^, there exists a set (possibly not unique) Su) = {ai, • • ■ , afc} C C^ such that W{uj) 
is a subquotient ofV{ai) ® • • • (X" V{ak) and hence W{u)) and V{u}) are linked to it. 

n 

Proof. To prove (i), note first that since the Grothendieck ring of the category of finite-dimensional 
representations is commutative, |23) it follows that the modules V{ai) ® • • • ® V{ak) and F(ao.(i)) (8> 

• • • (g) V{a^(^k-^) have the same irreducible constituents for all permutations ct of {1, 2, • • • , k}. Hence to 
show that they are linked it suffices to prove that there exists a permutation r such that V{aT-{i)) (8> 

• • • (8) y(aT-(fe)) is indecomposable. But this is clear using Theorem l6.3l which implies that there exists 
a permutation r of ai, • • • , a^ G C^ such that V{aT-(i)) (8) • • • (8) F(aT-(^,)) is cyclic on the tensor product 
of highest weight vectors and hence indecomposable. By Theorem 16.41 it suffices to prove (ii) when 
oj = uJi^a for some i € I, a G C^. But this follows from ^J Theorem 6.1, Proposition 7.5, Theorem 
8.2]. It is immediate from (i) that W{u:) is linked to V{ai) C8 • • • (8 V{ak). □ 

Corollary. Let u, lo' G V^ and assume that S(jj = {ai, • ■ • , Sk}, Su}i — {a[, ■ • • , a[}. Then V{u:) and 
V{uj') are linked iff V{ai) • ■ • (g) V{ak) and V{a[) (8> ■ ■ ■ (8 V{a'i) are linked. 

As a consequence to prove Theorem l7.2f ii^ it suffices to show that, if the modules V(ai)(E)- ■ ■®V{ak) 
and V{bi) ■ • ■ ® V{bs) have the same elliptic character, then they are linked. 

7.7. The next result identifies minimal sets S^, where e is the identity element in V^. Notice that 
in this case the associated irreducible representation is the trivial one. 

Proposition. For all a ^ C^ we can take, 

Se{a) ^ {a^aq"^ ■■ ■ ^aq^"^}, if q ^ An, 

= {a,ag2"+2}, */s = C„, 

= {a,ag^ag2"-2^ag2"}, ifQ^D^- 

Proof. It was proved in jlll Proposition 5.1] that the dual V{u})* is isomorphic to V{u3*) where (w*); = 
{u))woi{q'^u). This proves the statements for i?„ and C„. For An, it suffices to prove that 

But this follows from TT', Lemma 5.2]. The proof for _D„ is similar and we omit the details. D 

7.8. Given a G C^, let a;a G Pq be the element defined by 

(wa)i = 1, j^i,, {.^a)i.= W [l-a^u). 

The following is now immediate. 

Corollary. Let V eCq, then V is linked to V ®W{u)a). 
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7.9. Recall from Section mi that the group Eg is isomorphic to the quotient of the free group 2g, 
generated by elements Xa, by the subgroup generated by 

Qj G5'e{a) 

for all a G C^. We can now complete the proof of Theorem I7.2r ii'). Suppose that the modules 
V{ai) (E) ■ ■ ■ <S> V{ak) and V{bi) ^ ■ ■ ■ (E) V{bs) have the same elliptic character. Then, in Sq, we have 

k s p 

r—1 r—1 r—1 

for some c^ G C^ and integers rrir- We can assume that there exists p' such that nir < if 1 < r < p' 
and rrir > otherwise. Now we have, 

k p' s p 

r—1 r—1 r—1 r—p'-\-l 

Since this is an equality in a free group, it follows that we have an equality of sets with multiplicities, 
{ai, • • • , afe} U uCiSoicr) = {h, • • • , 6.} U U^=p,^iS'e(c^), 

where the multiplicity of Se{cr) is —rrir if r < p' , and rrir if r > p'. 
This now gives, 

V{ai) ® • ■ • ® V{ak) - V{ai) • ■ • ® V{ak) E> (^LiW^KJ®^"""^) 
^ V{h) ® • • • ® Vibs) ® {K=p'+iW{u:.T'^'-) 
^V{bi)(E,---(E)V{bs) 
where ^ stands for linking relation. The proof of Theorem 17. 2f iii) is immediate. 

7.10. We now consider the g = D„ for even n. Thus, set V-{a) = V{u;n-i,a) and V+(a) = V{u;n.a)- 
We state the analogue of Proposition 17.61 which is proved in a similar way. 

Proposition. 

(i) Let ai, ■ ■ ■ ,ak G C^ , Si, • • • ,ek G {+, — }. and a be a permutation o/{l, • • • , fc}. Then the modules 

Ve^{ai) (g) • ■ • ® T4^ (ofc) and K„(i) (a<T(i)) «> • • • (X" Vi^^^^, (acr(fe)) are /infced. 
(ii) Given a; G "Pq*", there exists a (non-unique) pair of sets Scj = ({ai, • • • , Ofe}, {ei, • • • , efe}), where 

Oj G C^ and Ej G {+, — }, smc/i that W{u}) is a subquotient of U = V^-^{ai) • ■ • 14^ (a^). /n 

particular W{u:) and V{<jj) are linked to U . 



n 



The analogue of CoroUarv 17.61 is immediate. 
7.11. Given a G C^, define the sets 

<5'e,o(a) = {a, a?^""^}, S'e,i(a) = {a,aq'^} 

and, for fc G {0, +, -}, let u^a.k G "Pq be given by 
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and 



1, 



('*^a,fe)ri-l — < 



if fc 

if A: 



n (!-%"), 

a,j€St,,o{a) 

n (l-aju), iik^O, 

^ajeSe,i(a9^"-~^) 



('*^a,fc)r 



1, iffc = -, 

n (1 — ttju), if fc = +, 

aieSe,o(a) 

n (1 - aju), if fc = 0. 

^ajGSe,l(i) 



The next Proposition is proved exactly like Proposition 17. 71 
Proposition. The trivial representation is linked to W{u}a.k)- 
Corollary. Let V £ Cq, then V is linked to V ® W{uJa,k)- 

7.12. We complete the proof of Theorem 17. 2r ii') as in section 17^ using Proposition |0] 

8. Appendix: Exceptional Algebras 

We now consider the problem of determining the block decomposition when g is one of the exceptional 
algebras. 

8.1. Thus, let « = 1 and V = V{u)i,a)- We start observing that Proposition and CoroUarv 17.61 
holds for the exceptional algebras. 

8.2. Given a G C^, define sets S'e,fc(a), where fc = 1,2, when Eq, Ej,F4,G2, k = 1,2,3, when 
Q = Es, as follows. 

^ {a,aq^,aq^^}, Se,2{a) ^ {a,aq'^ ,aq^,aq^'^,aq^^,aq^^}, ii g = Ee, 

= {a, ag^^}, Se,2ia) ^ {a.aq"^ ,aq^^,aq'^^,aq^^,aq'^^}, iig = ET, 

- {a, ag^O}, S^,2 = {a, V, a-?^"}, ^e,3(a) = {a, aq'^, aq^\ aq^\ aq"^}, if g = E^, 

= {a, ag^^}, Se^2{a) ^ {a,aq^ ^aq^"^ ,aq^^}, if0 = i^4, 

= {a, ag^^}, Se,2{a) = {a,aq^ ,aq^^}, if = 02, 



Se,i{a 
Se,i{a 
Se,i{a 
Se,i{a 
Se,i{a 



Now, define LJa,k e V^ by 

{<^a.k)] =1, 3 ¥" 1> {'^a,k)l = !!(-'-" "j")- 

a3G'Se,fc(a) 

Similarly to Proposition 17. 71 we have the following. 
Proposition. The trivial representation is linked to W{iVa,k)- 
Corollary. Let V £ Cq, then V is linked to V ® W{uJa,k)- 

8.3. Now we complete the statement of Proposition 13 . II for the exceptional algebras. 

Proposition. Assume that g is of type Eq, Ej^ E^-, F^ or G2. The group Vq/Qq is isomorphic to the 
(additive) abelian group 'E,q with generators {xa : a G C^} and relations: 

for all a G C^ and k — 1,2, for g / £'§ and k — 1,2, 3, for g = Es- 
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The idea of the proof is the same of Pronosition l3.1l and requires a long, but straight forward, case 
by case checking. 

8.4. The rest of the proof of Theorem 17.21 (ii) and (iii) for the exceptional algebras is similar to 
section [7!^ using ProDOsition l8.3l 
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